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320. 
ON THE TRANSCENDENT gd u =~ log tan (4r + ui). 


[From the Philosophical Magazine, vol. xxiv. (1862), pp. 19—21.] 


THE elliptic functions which correspond to the modulus k=1 reduce themselves, 
as is well known, to circular functions. The case in question plays implicitly an 
important part in the general theory, and it has been particularly studied by Gudermann, 
and by Dr Booth in connexion with his theory of parabolic logarithms. But in the 
absence of a notation corresponding to that used for elliptic functions in general, the 
theory has not, it appears to me, been exhibited in its proper form. Thé defect is 
very easily supplied: using for amw, to the modulus 1, the notation gdu (Guderman- 


nian of u), then if 


Pek Spas log tan (42 + 46), 


o COS h 
we have 
¢=gdu; 
and hence, observing that the equation between u and œ is 
1 +4 tan ġ 
IR PAED iai 
R ep 
or, what is the same thing, 
—1 


tan 4o = æti y 
and that we have 
, 1+ tan wi 
log ta « log mA 
g tan (4r + 4m) = log tended 
cos Fut + sin fut 
cos ut — sin suv 


= log 
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exe 4 e7 ku oi a (et pow e~it) 


e +1 +i -— l) 


Me ti 
_1 1+itantd _ TANS: 
et tea ee ee 
or if 
u = log tan (4r +44), 
then A 


1 A 
d= ; log tan (4m + tui); 
and substituting for ¢ its value, we obtain 
Pe 
ged u= ; log tan (47 + 412), 
which is the definition of the transcendent gdu. It is to be noticed that gdu, 


although exhibited in an imaginary form, is a real function of u; and, moreover, that 
it is an odd function, viz. we have 


gd(— u) = — gd (u), 


gd (0) = 0. 


and therefore also 


The original equation, 
u= log tan({7+44@), 
written under the form 


pet an {1 Ê 
w=t- log tan (40+ Lit), 


shows that we have 


ust pd ($) =i ga(— ig): 
or substituting for @ its value gdu, we have 
u= i gd (—i gd u), 
which may also be written 
iu = gd (4 gd u); 
so that gdu is a quasi-periodic function of the second order—a property which has 
not, at least obviously, any analogue in the general theory. We have 


cos gd u = 4 (e!8du + e~igdu) 


Il— tangu 1+ tandw 


ad G +tandue 1-— tan +) 


1+tan*fue 1 |. 
1—tan?4uz cos ut’ 
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and in like manner 


sin gd u= is (eisau a e~igdu) 


ZA (; +tanġut 1—tan a) 
~ @\1l—tandut 14 tan dui 


2tandwu _ sinut 
i (l — tan? ui) i cosut’ 


or, as these equations may also be written, 


sec gd u = cos ut = $ (e" + e™), 


tan gd u = * sin ui=4(e"—e"); 


and from these equations we have 


sec gd (u + v) = sec gd u . sec gd v + tan gdw. tan gd v, 
tan gd(u + v) = tan gd u . sec gdv + tan gd v.sec gd v; 


or, what is the same thing, 


sin gdu + sin gdv 
1+sin gdu.sin gd v’ 


sin gd (u + v) = 


cos gd u . cos gd v 


Pa ad lh ET gdw.sin gd v’ 


which forms are at once obtainable from the formulæ 


sin am u cos am v A am v + sin am vy cos am u A am u 


sin am (u +v) = z ; 
( ) 1 —* sin? am u sin? am v 


cos am u cos am v — sin am u sin am v A am u A am v \ 


cos am (u + v)= Aaa ha Anatase: Bs ee heen aer aly 
( ) 1 —# sin? am u sin? am v 


_Aam u A am v — k?sin am u sin am vecos am u cos am Y 
A am (u+ v) =- Pau = : 
1 — k*? sin? am u sin? am v 


observing that for k=1 we have Aam=cosam, and that the numerators and denomi- 
nator each of them divide by 


l— sinam wu sin am v. 


2, Stone Buildings, W.C., May 7, 1862. 
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